Variational calculations of the ground state of positronium hydride (HPs) are reported, including various expectation values, electron-positron annihilation rates, and leading relativistic corrections to the total and dissociation energies. The calculations have been performed using a basis set of 4000 thoroughly optimized explicitly correlated Gaussian basis functions. The relative accuracy of the variational energy upper bound is estimated to be of the order of 2×10 −10 , which is a significant improvement over previous nonrelativistic results.
I. INTRODUCTION
The interest in studies of small molecules where one or more nuclei are replaced with a positron was originally motivated by the pioneering works of Hylleraas and Ore [1] and Ore [2] . These works predicted the dynamical stability of the positronium molecule (Ps 2 ) and positronium hydride (HPs). Since then there has been a large number of theoretical works devoted to the study the properties of these two fundamental systems (for works on HPs see [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] and references therein), including the ground, metastable, and resonant states.
Along with the numerous theoretical studies, there has also been an array of experimental works attempting to produce and detect HPs. In 1992, Schrader et al. reported [20] the formation of positronium hydride in collisions between positrons and methane and gave an estimate of the binding energy, 1.1±0.2 eV. Recently, positronium physics and chemistry gained new impetus when the first experimental observation of the positronium molecule was reported [21, 22] . At present it is being investigated whether more complicated positronium compounds, such as Ps n may exist. Moreover, it is believed that under certain conditions one may obtain a Bose-Einstein condensate, which will permit the creation of a powerful γ -ray laser. Due to its very short wavelength this laser could be used to probe objects as small as atomic nuclei [23] .
Despite advances in experimental techniques and invention of new methods that allow a rapid creation of a large number of positrons in the laboratory [24, 25] , the experiments on atoms and molecules containing positrons remain a very challenging task. Thus, theoretical calculations are indispensable in elucidating the electronic structure and predicting the properties of such systems. In fact, just like the theoretical prediction of the existence of the Ps 2 molecule was followed by its experimental verification [21, 22] , there are planned experiments to confirm recent theoretical predictions of excited states of positronic systems [10, 17, 26] .
Over the years the accuracy of the calculations has been getting progressively higher due to advances in computer hardware and development of more sophisticated computational approaches. At some point, in order to further improve theoretical predictions it becomes necessary to consider relativistic and QED effects. However, while the number of works where positronium hydride has been studied is quite large, essentially all of them have been performed at the nonrelativistic level of theory. The only work where relativistic effects in HPs have been considered is that of Yan and Ho [13] .
One of the goals of the present study is to fill this gap and improve the results obtained in [13] .
The positronium hydride belongs to a special class of Coulomb systems. It lies between the H 2 molecule and the fully nonadiabatic Ps 2 molecule, where both nuclei are replaced with e + . Since the mass of one of the "nuclei" in HPs is the same as that of an electron, its motion cannot be considered slow. Therefore, the Born-Oppenheimer approximation cannot be used to separate the electronic and positronic degrees of freedom. Another distinct difference between HPs and H 2 is that the latter has a very large number of bound states, while for the positronium hydride only one excited state (of unnatural parity) have been predicted [17, 18] .
These positronic systems are also important testing grounds for various quantum mechanical methods. The highly accurate calculations available for these molecules can be used as benchmark test to compare the relative merit of different approaches. The connection between these molecules has also motivated various studies to explore the existence of similar systems. For example the stability of charged four particle systems containing two negatively and two positively charged particles has been studied in [27] [28] [29] [30] [31] [32] [33] . Recent success in the production of trapped antihydrogen atoms [34, 35] has renewed interest in the interaction of matter with antimatter [36] . These problems can only be addressed by highly accurate quantum-mechanical calculations.
Accurate description of positronic systems is challenging for traditional quantum-chemical methods as the convergence of the wave function and energy is usually quite slow. In this work we employ the variational method in which the correlation in the motion of all particles is treated by expanding the wave function in terms of basis functions explicitly dependent on all interparticle coordinates.
II. FORMALISM
The nonrelativistic Hamiltonian of an N -particle Coulomb system in the laboratory reference frame reads (in atomic units)
Here R i , M i , Q i are the position, the mass, and the charge of the ith particle, ∇ R i is the gradient with respect to R i , and R ij = |R j − R i | are interparticle distances. In the case of positronium hydride N = 4. We will assume that the first particle in our system is a proton (deuteron, triton, etc.), the second one is a positron, and the third and fourth particles are electrons. 
In practice, instead of coordinates R 1 , . . . ,R N it is convenient to use some set of "internal" coordinates, such as the Jacobi coordinates, or simply place the reference frame at one of the particles, e.g., particle 1, as is done in this work. This automatically separates out the motion of the center of mass. Our new coordinates are defined as follows [38] [39] [40] : (2) where n = N − 1. We will also introduce the following notation:
, and i = 0, . . . ,n. In the new coordinates and notations the nonrelativistic Hamiltonian can be written in a convenient matrix form:
Here the 3n × 3n mass matrix M = M ⊗ I 3 , where I 3 is the 3 × 3 identity matrix and ⊗ stands for the Kronecker product. The n × n matrix M is defined as follows: the diagonal elements are 1/(2μ 1 ), 1/(2μ 2 ), . . . , 1/(2μ n ), while the off-diagonal elements are 1/(2m 0 ). The prime symbol denotes vector or matrix transpose. 3n-component position vector r and the gradient vector ∇ r are
. . .
In order to solve the nonrelativistic problem with Hamiltonian (3) we use the variational method in which the wave function is expanded in terms of explicitly correlated Gaussian basis functions. It has been demonstrated by numerous previous applications in atomic, molecular, and nuclear physics (see, for example, [10] [11] [12] 15, 16, 26, 38, 39, [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] and references therein) that the method is capable of providing extremely accurate solutions for systems containing up to 6-8 particles.
The ground state of positronium hydride is a state with zero total orbital angular momentum. Therefore, it is desirable and convenient to employ basis functions of S symmetry in the calculations. The S Gaussians we use in this work have the following form:
In the above expression A k is a symmetric, positive definite n × n matrix of exponential parameters that are unique for each basis function. Since the exponential parameters are subject to extensive optimization it is advantageous to choose matrix A k as a Cholesky-factored product, A k = L k L k . Such a representation allows to avoid any constrains on the values of the elements of L k , while the elements of the original matrix A k must obey the positive definiteness constrains.
In the case of a four-particle problem, explicitly correlated basis functions (5) can also be written in a more conventional form using the laboratory frame coordinates:
where λ (k) ij are certain parameters related to the elements of matrix L k .
The total trial wave function of the system is a product of the spatial and spin parts and is antisymmetrized with respect to the permutations of the electrons. For the ground state of HPs it can be written as
Here K is the size of the basis, c k are the coefficients of the expansion, numbers 1 through 4 refer to a particular particle and P 34 is an operator that permutes spatial coordinates of electrons. α and β have their usual meaning of spin-up and spin-down state.
The minimization of the energy functional with respect to coefficients c k in expansion (7) yields the generalized secular equation,
where H and S are the K × K Hamiltonian and overlap matrices, respectively. Upon solving (8) one finds the set of optimal coefficients c k and the upper bounds to the nonrelativistic energies. In this work we only deal with the lowest energy solution.
Since HPs is a small system with unity particle charges, the relativistic as well as quantum electrodynamics (QED) effects in this system are small in magnitude and can be accounted for in the framework of the perturbation theory in which the nonrelativistic solution serves as the zeroth-order approximation. The total energy of the system is sought as a series in powers of the fine structure constant, α:
The successive corrections, E
REL , E
QED , and the higher order ones can be evaluated as the expectation values of some effective operators. In this work we consider only the leading relativistic corrections proportional to α 2 . The total Hamiltonian is then
where the relativistic part, H REL , consists of several terms,
traditionally called the mass-velocity (MV), Darwin (D), orbit-orbit (OO), spin-spin (SS), and annihilation channel (A) corrections. In the general case, there is also the spin-orbit (SO) term present in the sum. However, its contribution vanishes for S states. The explicit expressions for the corresponding operators in the laboratory coordinates are the following [51, 52] :
In the above expressions, δ(R ij ) stands for the threedimensional Dirac δ function and S i denotes the spin of the ith particle. Notation i ∈ leptons in formula (13) means that index i runs over leptons only (in our case two electrons and a positron). In the general case it is also possible to include other types of particles (if there are any) in that expression. It is particularly straightforward for spin-1/2 fermions where the corresponding g factors need to be used. However, since all other particles have masses larger by several orders of magnitude than that of the electron, their contribution will be very tiny and much smaller than the QED corrections, which we do not consider in this work. For this reason we use the expression given in (13) . In formula (16) the double sum runs over electron-positron pairs only, i.e., only those terms should be included where one of the indices i,j belongs to an electron and the other one to a positron.
Upon transforming from the laboratory frame coordinates to the internal ones the expressions for the relativistic operators become (as before, we use lower case letters to refer to objects in the internal frame):
. (21) Here we have used the notation s i ≡ S i+1 . Assuming our particular case of HPs and taking into account the indistinguishability of electrons the expectation values of the Darwin, spin-spin, and annihilation channel interactions can be written simply as
The details on evaluating matrix elements of various operators with basis functions (5) were presented elsewhere [40, 42, 53] . Here we will only mention a scheme that allows to significantly improve the convergence of expectation values that involve the Dirac δ functions. Such expectation values are needed not only in the calculations of the relativistic corrections to the energy, but also for the estimations of the decay rates, which will be considered later in this work. It is a known problem that expectation values of singular operators, such as the twoparticle δ function, usually exhibit rather poor convergence in variational calculations when compared to the expectation values of "well-behaved" operators. The main reason for this is the fact that the expectation values of singular operators are very sensitive to the local properties of the trial wave function. When a singular operator's expectation value is evaluated, the integration occurs only in a small region of space (essentially in some subspace). Hence, the wave function is sampled only locally in such an integration. At the same time, it is known that while the energy (as well as the expectation values of "wellbehaved," nonsingular operators) in the variational method is accurate to the second order, locally the wave function is accurate to the first order only. In other words, the local convergence of the wave function is significantly slower than the convergence of the energy (roughly speaking, one should expect twice fewer digits converged). This behavior is rather universal and independent of the basis set used. However, the properties of a particular basis may amplify this problem even further. In the case of Gaussians, the inability to satisfy the Kato cusp conditions usually makes the slower convergence of the two-particle δ functions even worse. In order to alleviate the problem Drachman [54] proposed to replace the local δ function operator with a global operator, which, for the exact wave function, would give the same expectation value. Since this operator is global the convergence of its expectation value is noticeably better as has been demonstrated in [55] , where some generalizations of the above idea were considered. In this work we adopted the following identity from [54] , which holds for the exact wave function:
Here E is the total nonrelativistic energy corresponding to state ψ, and V is the potential energy operator. To distinguish the expectation values obtained using this identity from those computed directly, we use the tilde. In the internal coordinate frame, expression (25) acquires the following form:
where tr[...] stands for the trace, M is the mass matrix defined in (3), and J ij is a n × n matrix whose only nonzero elements are the following four ones:
For the case of theδ(r i ) expectation value, one just needs to replace J ij → J ii (J ii matrix is defined such that the only nonzero element of it is (J ii ) ii = 1) and r ij → r i in the right-hand side of the above formula. Despite being a stable bound system in nonrelativistic quantum mechanics, in reality HPs undergoes a decay due to the electron-positron annihilation, similar to the one in the positronium atom, Ps. It is possible to determine the rate of the HPs decay by computing the average square of the amplitude of the wave function at the electron-positron coalescence points and relating this value to the well studied decay rate of the positronium atom, i.e., using the relation HPs = N e + N e − δ e + e − HPs δ e + e − Ps Ps , (27) where N e + and N e − are the numbers of positrons and electrons in the system. In general, the total decay rate of a system is the sum of k-photon annihilation rates,
where w k is the statistical weight of the spin state, which undergoes a particular k-photon annihilation. For the positronium atom both 0γ and 1γ are zeros, whereas for HPs they are extremely small in magnitude (the rate of 0γ and 1γ
processes is proportional to α 12 c/a 0 and α 8 c/a 0 , respectively; here c is the speed of light and a 0 is the Bohr radius). The dominating components are 2γ ∝ α 4 c/a 0 and 3γ ∝ α 5 c/a 0 . The two-photon decay takes place when an electron-positron pair is in the singlet state (the statistical weight of which is w = 1/4), while the three-photon decay occurs in the triplet state (w = 3/4). The expressions for 2γ and 3γ in the positronium atom, including several leading radiative corrections, are known [56] [57] [58] . In this work, however, we must limit ourselves with the corrections proportional to . This is because the expectation value of the electron-positron contact density in HPs available to us from calculations is purely nonrelativistic (i.e., does not include the leading correction of the order of α 2 ) and, therefore, the right-hand side in expression (27) 
and the known value δ e + e − Ps = 1/(8π ) the expression for the total electron-positron annihilation rate in HPs becomes
III. COMPUTATIONAL DETAILS
The choice of nonlinear variational parameters plays a crucial role in calculations that involve explicitly correlated basis functions. It is a particularly important subject when Gaussian functions are used. In fact, in calculations that require high accuracy it is the optimization of nonlinear parameters that consumes most of the computer time. Several approaches have been proposed to to deal with high computational demands [39, 41, 42, [59] [60] [61] [62] [63] [64] . In this work we have used an approach that combines a stochastic selection of the parameters [41, 42, 59 ] with a direct optimization that uses the analytic energy gradient [39, 40, 64] . In the present calculations the basis set was grown from zero to 4000 functions. During this process, the basis was reoptimized a large number of times (essentially after adding each new subset of ten basis functions). In order to ensure high-numerical stability of the calculations we did not allow any severe linear dependencies among basis functions. This was done through monitoring overlaps of basis functions. Those changes of the nonlinear parameters that resulted in excessively high absolute value of an overlap (i.e., those that yielded S kl > 1 − t, where t is some small threshold, which we set to be around 0.01) were automatically rejected. Such monitoring is a computationally inexpensive procedure and at the same time it is quite efficient. Our experience suggests that most of linear dependencies in the calculations of systems such as HPs appear as linear dependencies between two basis functions.
In the calculations we used standard double precision (64-bit) arithmetic until the basis size reached approximately −0.500 000 000 000 −0.625 000 00 0.500 000 00 0.000 000 00 −0.500 006 656 419 2500 functions. After that we switched to extended precision (80-bit). This was done to enable more efficient optimization of nonlinear parameters, which is very sensitive to the accuracy of the eigenvalues and eigenvectors obtained. Arithmetic operations with 80-bit precision, just like those performed with 64-bit precision, are hardware-accelerated in any x86-compatible CPU found in most commodity computers today. While there is a certain performance penalty associated with the 80-bit precision, using it does not result in an enormous slow down of the calculations. The optimization of nonlinear parameters in this work was performed only for the lightest isotopologue, HPs. Since the wave functions of DPs, TPs, and ∞ HPs are very close to that of HPs, the change can be effectively accounted for by readjusting the linear coefficients of the basis functions, i.e., by computing a new Hamiltonian matrix and solving an eigenvalue problem (which needs to be done only once) using the same basis set. Due to the smallness of the change of the wave function, such a time-saving simplification has essentially no effect on the accuracy of the calculations.
The vast majority of the computational time in the variational calculations of this study is spent on two tasks: the evaluation of the Hamiltonian and overlap matrix elements and the solution of the generalized eigenvalue problem (8) . The first task can be easily and very effectively parallelized. The second one also allows a certain degree of parallelization (although the scalability is somewhat worse). Therefore, efficient algorithms that utilize parallelism in either shared memory or distributed memory environments can be developed. In our case all calculations have been carried out using 4-16 processes communicating via Message Passing Interface (MPI) protocol.
Due to the very extensive optimization of the nonlinear parameters, the generation of the basis set used in this work required several months of continuous computing. We stopped when the basis length reached 4000. However, if it becomes necessary in the future, the calculations can be easily resumed.
IV. RESULTS AND DISCUSSION
In Table I we show the convergence of the nonrelativistic energy of HPs in terms of the number of basis functions. We also present the energies obtained with the final basis set for other isotopologues of the positronium hydride: DPs, TPs, and ∞ HPs. According to our estimates (which are based on studying the convergence patterns and extrapolating to the limit of an infinite basis set size) the accuracy of the nonrelativistic calculations in this work exceeds the previous best result [16] by nearly an order of magnitude in spite of a smaller number of basis functions used. In fact, the energy corresponding to the largest basis set of 5000 explicitly correlated Gaussians generated in work [16] was reached with only 2150 basis functions in this work. The better convergence is a result of a significantly more extensive optimization of the nonlinear parameters. It should be noted that the difference in the optimization quality becomes particularly pronounced when the basis size is large enough (several thousand functions), while for small basis sets the extra computational effort does not seem to be justified.
In addition to the nonrelativistic energies, in Table I we also show all components of the relativistic corrections and the total relativistic energies. When computing the latter quantity we used α = 0.0072973525376 for the value of the fine structure constant [37] . In general, the computed relativistic corrections agree with those obtained by Yan and Ho [13] using the Hylleraas-type basis. However, we have found that the value of the mass-velocity correction in work [13] is likely to contain an error. In the case of ∞ HPs (we use this isotopologue for comparison because not all of the recoil relativistic effects were calculated in [13] ) we obtained −4.03725×10 −5 a.u. for the expectation value of H mv multiplied by α 2 , while Yan and Ho reported −2.60410(30)×10 −5 a.u. We believe our value is correct as with our computer code we have evaluated H mv in the case of several other atomic and molecular systems (including those containing positrons) for which independent results are available in the literature, and found no discrepancies in any of those cases. At the bottom of Table I we provide the values of the total energies and relativistic corrections for isolated hydrogen-like atoms. Combined in appropriate pairs these can be used to compare them with the corresponding values for the HPs isotopologues.
The knowledge of the total binding energies of the HPs isotopologues as well as its subsystems (H and Ps atoms) allows the determination of the binding energies. The corresponding data is given in Table II . The inclusion of the relativistic corrections has a very small effect on the binding energies (less than 0.1% change). This effect is almost 10x larger in magnitude than the shift of the total energy due to the inclusion of the relativistic corrections. Therefore, most of the change in the binding energy is due to the relativistic effects in separated H and Ps atoms. The relativistic effects in HPs and in the isolated H and Ps atoms do not cancel out significantly as takes place in some weakly bound molecules. Indeed, while the positronium hydride structure is consistent with that of a molecule (rather than an atom), the binding and the interaction of the electrons cannot be considered weak.
In Table III we present the expectation values of various quantities. These include the powers of the interparticle distances, two-particle Dirac δ functions δ(r ij ) ≡ δ(x i − x j )δ(y i − y j )δ(z i − z j ), products of two Dirac δ functions δ(r ij )δ(r lm ) and δ(r ij )δ(r jk ) (the latter determine the threeparticle coalescence probabilities), and the product of three Dirac δ functions, δ(r ij )δ(r jk )δ(r kl ), which in the case of a four-particle system, such as HPs, is equal to the value of the wave function square at the origin. For convenience of the reader, in Table III instead of pseudoparticle indices (1, 2, or 3) we use subscripts indicating the actual particles, for example r H + e + ≡ r 1 or r e + e − ≡ r 23 . As one can see from the data in Table III , the convergence of the nonsingular operators such as powers of the interparticle distances is similar (just slightly worse) to that of the nonrelativistic energy. The situation is different for the singular operators. The expectation values of the Dirac δ functions computed directly, as expected, show a substantially lower level of convergence. The convergence gets worse for the products of two Dirac δ functions; and for the product of three δ functions the accuracy probably does not exceed three decimal figures. As was explained in Sec. II, in addition to the fact that, unlike the energy, the wave function in the variational method is accurate only to the first order, we face the problem of a somewhat poor description of the cusp region by the Gaussian-type basis. In contrast to the direct evaluation of the expectation values of the pair δ functions, the use of relation (26) noticeably improves the convergence. Unfortunately, such a transformation is likely to be possible only for the expectation values of δ(r ij ). More singular operators, such as the products of two and more δ functions will probably require some matrix elements that are too difficult to evaluate. Next, we use the expectation values of the pair Dirac δ functions with formula (31) to determine the rates of the electron-positron annihilation in HPs isotopologues. The computed values are shown in Table IV . The numeric uncertainties (due to the finiteness of the basis set used) of these values are very small and do not appear in the significant figures shown in Table IV . Much larger is the uncertainty due to the missing α 2 and higher-order terms in formula (31), which we roughly estimate to be of the order of 0.0003×10 9 s −1 . In summary, high-accuracy variational calculations of the ground state of positronium hydride and its isotopologues have been performed using a variational expansion in terms of explicitly correlated Gaussian basis functions. A new upper bound to the nonrelativistic energy has been obtained and leading relativistic corrections have been computed. In this work we have improved the accuracy of binding energies, various expectation values, and electron-positron annihilation rates. We also corrected and expanded the results of the only previous study that considered relativistic effects in HPs.
